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Abstract 

This paper presents a unique continuation estimate for 2-D Stokes equations 
with the Naiver slip boundary condition in a bounded and simply connected domain. 
Consequently, an observability estimate for this equation from a subset of positive 
measure in time follows from the aforementioned unique continuation estimate and 
the new strategy developed in [JB]. Several applications of the above-mentioned 
observability estimate to control problems of the Stokes equations are given. 

Keywords. Stokes equations, observability estimate, unique continuation estimate, 
bang-bang property 



AMS Subject Classifications. 93B07, 35Q30, 35B60 



1 Introduction and Main Results 



Let T > and fi C M. 2 be a bounded and simply connected domain with a C 3 
boundary dQ. Let n be the unit exterior normal vector to d£l and r be the unit 
tangent vector to <9f2 such that (n, r) is positively oriented. Consider the following 
Stokes equations: 



u t - Au - Vp = 
V • u = 

rot u = 0, u • n = 



in Q x (0,T), 
in fix (0,T), 
on dn x (0,T). 



(1.1) 



The boundary condition in (jl.ip is a special Navier slip boundary condition. In 
general, the Navier slip boundary condition reads (see for instance [1]) 




o. 



(1.2) 



*Faculty of Mathematics, University of Rcgcnsburg, D-93053, Regensburg, Germany, (liuyun- 
ing.math@gmail.com). The author was partially supported by the University of Rcgcnsburg. 

^School of Mathematics and Statistics, Wuhan University, Wuhan, 430072, China. (zhang- 
cansx@163.com). The author was partially supported by the National Natural Science Foundation of 
China under grants 11161130003 and 11171264. 



1 



where a is a constant in [0, 1). Here we used the Einstein's summation convention. 

For the unique continuation of Stokes equations, there have been many litera- 
tures. Here, we would like to mention the classical reference [6] (see also [7]), where 
some qualitative unique continuation results are provided. The controllability of 
Stokes equations or Navier-Stokes equations, with either the Dirichlet boundary 
condition or the Navier-slip boundary condition are investigated in a large number 
of references. For Stokes equations with Dirichlet boundary condition, we refer to 
[5], [8] and the references therein. In [9], the controllability of the 2-D linearized 
Navier-Stokes equations with the same Navier-slip boundary condition as that in 
(jl.ip is systematically studied with the aid of the global Carleman inequality. In [1], 
Jean-Michel Coron studied the approximate controllability of the 2-D Navier-Stokes 
equations with the general Navier-slip boundary conditions (jl.2p . 

However, to our best knowledge, very limited works are concerned with the 
quantitative unique continuation for Navier-Stokes equations. Here, we would like 
to mention the paper [TT] where an upper bound was given for the size of the nodal 
set of the vorticity for a solution (but not the nodal set of a solution) of the 2-D 
periodic Navier-Stokes equations. 

The main purpose of this paper is to present the quantitative unique continua- 
tion for Equations ([Lip , It should be mentioned that the current study is greatly 
motivated by recent papers [15] , [16] and [2] , where some kinds of unique continu- 
ation estimates for heat (or parabolic) equations were established. To present the 
main result of this paper, we begin by introducing the following notations: 

Ll(0) = {u e L 2 (fi; M 2 ): V • u = 0, u n\ dn = 0}; 

Hl(Q) = {u 6 H 1 ^^ 2 ) : V • u = 0, u n\ dn = 0}. 

When O is a subset in R 2 , we will write accordingly L 2 (0) and H l {0) for L 2 (0;M. 2 ) 
and -ff 1 (0;M 2 ), if there is no chance to make any confusion. We will denote by (•, •) 
the usual inner product in L 2 (Q) and by xe the characteristic function of the subset 
E. In this paper, N(-) stands for a positive constant depending on what are enclosed 
in the brackets. It maybe vary in different contexts. 

The main results of this paper are included in the following theorem: 

Theorem 1.1. Let T > and DcK 2 be a bounded and simply connected domain 
with a C 3 boundary dQ,. Let oj C O be a nonempty open subset. Then, 

(i) There are N = N(Q,u) and a = a(Q,cj), with a 6 (0,1), such that when 
^ t\ < t2 ^ T and uq € L 2 (Q), the solution u to Equations (jl.ip . with the initial 
condition u(0) = uo, verifies 

Mh)\\ Lm ^ (iVe<2-*i||u(£ 2 )|b (£j) J Mti)!!^. (1.3) 

(ii) For each subset E C (0,T) of positive measure, there exists N = N(Q,lu,E,T) 
such that when uq G L 2 (Q), the solution u to Equations (jl.ip . with the initial 
condition u(0) = uo, satisfies 

\HT)\\ L2{n) < JV / X E\\u(t)\\ L 2 {u) dt. (1.4) 
J o 
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Our strategy to prove the estimate fjl .3j) is as follows: (a) We transform Equa- 
tions (jl.ip into one of parabolic type via the method of stream function; (6) We 
apply the estimate established in [2] (see also [15] and [16] for the case where Q 
is convex), together with a type of the Sobolev interpolation inequality and some 
properties of heat equations, to get a unique continuation estimate for the stream 
functions; (c) We pull the unique continuation estimate for stream functions back 
to the desired estimate (|1.3p . 

Three remarks are in order: 

• The estimate (|l,3p is not a trivial consequence of the corresponding unique 
continuation estimate for heat equations built up in [2] (see also [U] and |16j). 

• In Step (c), it will be used that £1 is simply connected. 

• Based on the estimate (|1.3p . the observability estimate (|1.4p follows from the 
new strategy developed in [16] at once. The estimate (jl.4p leads to the null- 
controllability of Equations (jl.ip with controls restricted over uj x E. Since E 
is a measurable subset in time, such null-controllability for Stokes equations 
seems to be new. 

The rest of this paper is organized as follows: Section 2 presents some pre- 
liminaries; Section 3 proves Theorem 11.11 Section 4 provides some applications of 
Theorem 1 1.1 1 in the control theory of Stokes equations and Section 5, i.e., Appendix 
contains the proof of some elementary results used in this study. 



2 Some Preliminaries 

This section is devoted to review some classical results on the decomposition of 
two-dimensional vector fields and to prove the well-posedness of Equations (jl.lj) . A 
comprehensive discussion of the decomposition of 2-D vector fields can be found in 
[H Appendix I, pp. 458-469] or [H)l pp. 18-56] . 

For each ip G and each u = (u±, U2) G H l (Q), define 

curl'0 = (d2ip, —diip), rot u = d\U2 — b\u\. 

It can be easily verified that 

curlrotu = -Au, when u G H^(Q) n H 2 (Q); 

curl?/' G Ll(Q), rotcurlV' = -A^, when G H^(Q) n H 2 (n). 

The following lemma gives a kind of Green formula connected with operators rot 
and curl: 

Lemma 2.1. For any u G H 2 (£l) and v G H 1 ^), 

/ ( curl rot u) • v dx = — / (rot u)(v • r) ds + / (rotu)(rotv) dx. 

Jn Jan Jn 
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Proof. Set <fi = rot u. Prom the standard Green formula, 

/ (curl(/>) • vdx = / (d2<j)Vi — d\(j>V2) dx 
Jn Jn 



4>( v i n 2 — V2n{) ds — / 4>{d2V\ — d\V2ni) dx 
an Jn 



0(v • t) ds -\- / ^ rot vdx, 
an Jn 

which leads to the desired equality. □ 

The next lemma concerns with the well-poseness of the parabolic-type equation 
satisfied by stream functions. Such well-posedness for a similar equation as Equation 
(j2.3|) in the next lemma was built up in [12|, Theoreme 6.10, pp. 88]. For the sake 
of completion, we give its proof in Appendix. 

Lemma 2.2. Let QcM 2 be a bounded domain with a C 3 boundary dQ. Then, for 
each tpQ 6 Hq(Q), there exists a unique solution tp, with 

G C([0, T];Hq(Q)) n C\(0, T];Hq(Q)) n C((0, T];H 3 (n)) 
and Aij) € C((0,T];i^(n)), 

to the equation 

' Atp t - A 2 4> = in n x (0, T), 

Aip = 0, ip = on fflx(0,T), (2.3) 

L^(-,o) =^o(") *nn. 

Lemma 2.3. Lei n be a bounded and simply connected domain with a C 2 boundary 
<9n. Then, for each u € L 2 (n), i/iere exists a unique stream function tp € iTg(n) 
suc/i i/iat curlip = u. 

The proof of lemma I2T31 is essentially contained in Theorem 3.1, pp. 37- 
40], where the curl equation curl^ = u was studied for the case that n is multi- 
connected. The corresponding result there reads: for each u € L 2 (n), the curl 
equation has a solution in H 1 ^), which is a constant on each connected compo- 
nent of On. These constants may be different in different connected components. 
Hence, it may happen that any solution of the curl equation is not in Hq (Q) in that 
case. For the sake of convenience, we provide a proof for Lemma 12.31 in Appendix 
of this paper. 



Proposition 2.4. Let n C M 2 be a bounded and simply connected domain with 
a C 3 boundary dil. Then, for each uq € L 2 (n), Equations (|1.1|) . with the initial 
condition u(-,0) = uo, has a unique solution 

u G C([0, T];Ll(Q)) n ^((0, T}; L 2 (fi)) n C((0, T];H 2 (fl) n H^Si)), (2.4) 

for somep£ L 2 OC (0, T; L 2 (n)). Moreover, u £ L 2 (0, T; if *(n)) and 

max ||u(s)|| 2 2(n) + f \\u(t)\\ 2 Hl{n) dt < iV(f})||uo|| 2 2{f7) . (2.5) 
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Proof. According to Lemma 12.31 there is a unique tpo G Hq(£1) such that curl^o = 
uo- Then, by Lemma [221 Equation (|2.3p . with the aforementioned ipo, has a unique 
solution ip verifying (|2.2p . We claim that the vector field u := curl^ satisfies 
Equations as well as (|2.4|) , In fact, it can be checked readily that V • u = 

V • curl ip = and that 

rot u = rot curl?/> = — Aip = 0, on d£l x (0, T); 

dip 

u • n = curl ip ■ n = — — = 0, on <9S7 x (0, T). 
or 

Also, by Equation ff273|) . 

rot(u t — Au) = rot(curl^ 4 — A curl ip) = 0. 

Because f2 is simply connected, for a.e. t G (0,T), there exists a unique function 
G up to a constant such that (see for instance [101 Theorem 2.9, pp. 31]) 



u t — Au = Vp. 

From the Poincare inequality, it follows that there exists p G L? (0, T; L 2 (fi)) pro- 
vided that J^p(t,x) dx = for a.e. t G (0, T). 

To justify (|2.5p . we multiply the first equation of (jl.ip by u, and then integrate 
it from e > (sufficiently small) to s G (0, T]. Now, Lemma 12 . 1 1 leads to 

\\n(s)\\ 2 L2{n) +2^ ||rotu(t)||| 2(n) di=||u( e )||| 2(n) . (2.6) 

Sending e — > in (j2.6|) . we see that 

\\ u ( s )\\h(Q)+ 2 J q || rotu(t)||| 2CQ) = ||u |[| 2(n) . 

This, together with the simply connectedness of 17 and the decomposition theo- 
rem (see, e.g., [TOj Remark 3.5, pp.45] or [181 Lemma 1.6, pp.465]), indicates the 
estimate (|2.5p . from which, the uniqueness follows at once. □ 



3 Unique Continuation Estimates 

This section is devoted to prove Theorem ll.il We first establish an estimate for 
the gradient of the stream function, and then present the proof of estimate (jl.3p 
and (jl.4p . where the simply connectedness of the domain is used. In what follows, 
we will denote by ip a solution to the equation: 

' Aip t - A 2 ip = in n x (0,T), 

< Aip = 0, ip = ondftx(0,T), (3.1) 

>(0)efz2(fi). 

Lemma 3.1. For any ^ s < t ^ T, ||VV'(0llL 2 (n) ^ II^M^IIl 2 ^)- Moreover, 
Vip{t) = for all t G [0,T] w/ienei/er Vip(T) = 0. 
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Proof. First, set 

e(t) = / \V^(t)\ z dx, t € [0,T]. 



Since = and ip = on d£l x (0, T), we have that for each t > 0, 

e(i) = / 2Vip ■ Vipt dx = 2 f ip^p- ds - 2 [ ipAipt dx 
Jq Jan "n J n 

= -2 I V>A(AV>) dx = -2 j \A^\ 2 dx-2 I (^-^(Aip) - Aip^ J ds 
= -2 / |AVfdx. 
Namely, it holds that 

e(t) = -2 [ \Atp\ 2 dx. (3.2) 
Jn 

Next, 

e(t) = -4 / AipAxfjtdx = -4 / A^A(A^) 

= -4 / AV'^-(A^)dfJ + 4 / VA^-VAV><fa; = 4 / |V(At/j)| 
Jan on J^ Jn 

Integrating by parts and the Cauchy- Schwartz inequality lead to 

- 

/ \-TfA„l.\ V7„/.J™ ^ I / IT7 A „/.|2 J_ \ I |V7„/.|2 



(3.3) 



\A^\ z dx = - / V(A^) • Vipdx < / IVA^rrfs / IV^fds 
n in \7n / \Jn 



This, together with (|3.2|) and (|3.3p . shows that 

e(t)e(t) ^ (e(t)) 2 , te(0,T). (3.4) 

If e(t) = for all ^ t ^ T, we are done. Otherwise there exists a closed interval 
[ti,t 2 ] C [0,T] on which 

e(i)>0 for all ie[*i,i 2 ); and e(t 2 ) = 0. (3.5) 

Now, write hit) := loge(t), t\ ^ t < t 2 . Then, it follows from (|3,4p that 

fc"(t) ^ for all t 6 (*i,* 2 ), 

i.e., /i(i) is convex on (ti , £2) • Thus, 

This implies that 

sending t — > t 2 in the above identity, we get e( tl "^* 2 ) = 0, which contradicts (|3.5|) . 

□ 
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Lemma 3.2. Let uj be a nonempty open subset of Q. Then, there are constants 
N = N(Q,uj) and a = a(£l,u) G (0, 1), such that when ^ t\ < t 2 ^ T, 

l|V^(t 2 )|| L2(n) ^ (iVe^HV^^)!!^^)) ^^^)!!^, (3.6) 

for all solutions to Equation \3. Consequently, -ip = when Vip(T,x) = for 
a.e. x G uj. 

Proof. It suffices to prove the estimate (|3.6p when < t\ < i 2 ^ T. Indeed, if it 
is the case, then, by taking t\ = y and noting that HVV^OHl 2 ^) ^ HVVKCOIIl 2 ^) 
(see Lemma EH), we reach the estimate (|3,6|) for t\ = 0. 

Because uj is a non-empty open set, there exists a ball B r , centered at a point 
xq G uj and of radius r > 0, such that B r C uj. Since A^(-) satisfies the heat 
equation with the zero Dirichlet boundary condition, it follows from [2j Theorem 
6] (see also [15^ Proposition 2.1] or [161 Proposition 2.2]) that there are constants 
N = N(ft, B r ) and a = a(ft, B r ) G (0, 1), such that 

/ N \ X—Ol 

||A^ 2 )|U 2(n) < ||A^ 3 )||£ 2(n) [Ne^s \\A^(t 2 )\\ L2{Br) ) , (3.7) 

when < ii < t% < t 2 ^ T, and tp solves Equation (|3.ip . 

Because ip = on 9f2 x (0, T), we obtain from the regularity of elliptic equations 
that 

W(h)h* m ^ iV(fi)||A^(t 2 )|| i2(n) . (3.8) 

From the estimate: 

l|A^(t a )||£ a(Br ) *S l|V^(i 2 )||^ 1(Br) 

and the Sobolev interpolation inequality (see, for instance, [H Theorem 5.2, pp.135] 
or Q31 pp. 43-44]): 

IIW(t2)||iri(B P ) < iV(S r )||V^(t 2 )||| 2(Br) ||V^(t 2 )||| 2{i?r) , 
it follows that 

WW&nhiBr) < ^(5r)||V^(i 2 )|| H2 ( Br )||V^(i 2 )|| L2(Br) . (3.9) 

On the other hand, since Atp = on d£l x (0, T), integrating by parts and the 
Cauchy-Schwartz inequality lead to 

l|A^ 3 )|li 2( n) < l|VA^(t3)|| L 2 (a) ||V^(*3)lk 2 (n). (3.10) 
Combining inequalities (j3.7|) — (|3.10p . we deduce that 

IIW>(i 2 )|| L2(n) < lfl}l^I^, (3.11) 

where 

' h = ||VA^(t3)||ia(n), 

h = ||V^(t 3 )||L 3 (n), 
' h = W(t 2 )\\ HHBr) , 

N 

/4 = iVe*2-t 3 ||VV(i 2 )|U2 (Br) , N = N(n,B r ). 



7 



Next, write with < Ai < A2 ^ A3 ^ • • ■ , for the eigenvalues of the 

Laplace operator —A with zero Dirichlet boundary condition, and for the 

corresponding set of L 2 (fl)-normalized eigenfunctions. Since Ai/j satisfies the heat 
equation with zero Dirichlet boundary condition, it holds that 



Thus, 



if = |(AV>(ti),e i )| 2 A i e- 2Al(i3 ~* l) 

< sup (\ ie - x ^-^) £ \(A^(t 1 ),e l )\ 2 e- x ^- t ^ 



(3.12) 



1 



*3-*l 



Atp 



( h + h 
V 2 



L 2 (n) 



Because ip verifies the heat equation with zero Dirichlet boundary condition, it 
stands that 



Hence, 



AV> 



h + t 3 



L 2 m i>i 



^sup(A J e- A ^ t3 - tl ))^A i |(^(t 1 ), ej )| 2 (3.13) 



1 



t 3 -t 

This, together with (|3.12p . leads to 



-\\^(h)\\ L 2 {n y 



T 2 < 



1 



(t 3 -hr 



iiv^(ti)iii a(n) . 



(3.14) 



Since ■0 = and Atp = on dQ x (0,T), applying the elliptic regularity and the 
Poincare inequality, we obtain that 

\W{h)f H , {Br) < ||^(t2)|||8 ( n) < N(m^(t 2 )\\ 2 Hl{n) < JV(n)||VA^(i 2 )||| 3(n) . 

By similar arguments as those to derive (|3.12p — (|3.14p . we can verify that 

||VA0(t 2 )||| 2(n) < {h ^ ti)2 m(h)\\l H ny 
Now, the above two estimates yield that 

N(n) 
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Along with (EOT]) and (EOT]) , this leads to 



l|V^(t 2 )|| L2( n) 

i / E 

1 / N 

^ (t3-ti)~2 \ Ne*2-*3 

when < t± < ts < t<i ^ T. Choosing t% = tl ~^ t2 in last estimates and recalling that 
B r C w, we get at once that 

1 — a , , 

( N \ 2 1 + a 

iVe* 2 - tl ||V^(t 2 )|| i2(aj) J ||V^(ti)|| x2 2 (n) . (3.15) 

The desired estimate ()3.6p stands if we replace -^jjp by a in (j3. 15j) . 

Finally, the unique continuation in the second part of this lemma is an immediate 
consequence of the estimate (|3.6|) and Lemma 13.11 □ 

Proof of Theorem 1X7X1 Arbitrarily fix a uo € L^{Q). Since Q is simply con- 
nected, according to Lemma 12.31 there exists a unique stream function ij)Q G Hq(Q) 
such that curl i/jq = uq. Let ip be the solution to Equation (|2.3|) with the afore- 
mentioned ipQ. By Proposition 12. 4| u := curl^ is the unique solution of Equations 
(jl.ip with the initial condition u(0) = uo. From Lemma [3. 2 1 it follows that ip holds 
the estimate (|3.6p . Since 

IIW'WIIl^o) = II curl^(i) || L 2 (0) = ||u(t)|| i2(0) for each t G [0,T], 

where O is either fl or cj, and because uo was arbitrarily taken from L^(f2), the 
desired estimate (jl.3|) follows from (|3.6p at once. 

Consequently, if ||u(t)||i2^ = for some t > 0, then by the estimate ()3.6p and 
Lemma 13.21 we find that u = 0. 

Finally, by making use of the new strategy in [16] , we can derive the observability 
estimate from (TP]) . □ 



l-a 

2 



^(t2)\\L*(B r )) \\^(tl)\\l Hn) \\^(t 3 )\\l 2{n) 



|V^(t 2 )||L2 ( 



Br 



1—a 
2 



1 + q 



l|V^(ti)|| i2 2 (n) , 



4 Applications 



Let T > and C I 2 be a bounded and simply connected domain with a C 3 
boundary d£l. Consider the following controlled Stokes equations: 



u t — Au — Vp = 
V • u = 
rot u = 0, u • n 
u(-,0) =u (-) 



in n x (0,T), 
in x (0,T), 
on dn x (0,T), 
in f2. 



(4.1) 



In what follows, H a stands for the dual of H^{Q), and (•, •} the scalar product 
between H~ 1 {Q) and H^(Q). We first define the weak solution to equation 
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Definition 4.1. For each f G L 2 (0, T; L 2 (0)) and eac/i u G £ 2 (^), u is called a 
weak solution of Equations (|4.1|) . i/ 

ueC([0,T];^(O))nL 2 (0,T;^(fi)), u ( e ^(O.T;^ 1 ^)) w^u(-,0) = u 
and 

[ (u u v) dt+ [ {rotu,rotv) dt= [ (f , v) dt, V v G L 2 (0, T; (4.2) 

Remark 4.2. can be verified that the solution u obtained in Proposition 12.41 is a 
weak solution of Equations (|4.ip wni/i f = 0. 

The following proposition is concerned with the existence and uniqueness of the 
weak solution of Equations (|4.ip and we leave its proof in Appendix of this paper. 

Proposition 4.3. For each f G L 2 (0, T; L 2 (0)) and each uq G L|(fi), Equations 
(|4.ip has a unique weak solution. 



In what follows, we will denote by u(-;f) the weak solution to Equation (|4.ip 
corresponding to the exterior force f , when the initial datum uo is given. 

4.1 Null Controllability of the Stokes Equations 

In this subsection, we will show that Theorem 11.11 implies the null controllability 
of Stokes equations with control restricted over u x E, where w C is a nonempty 
open subset, and E is a subset of positive measure in (0, T). Denoted by u(- ; ^XuiXe) 
the unique weak solution to Equations (|4.ip corresponding to the control f restricted 
on the subset u) x E. 

Corollary 4.4. For each uq G L 2 (£l), there exists a control f G L°°(0, T; L 2 (0)) ; 
with 

l|f|U~(0,T;i,2(n)) <iV||uo|| X 2 (n) , N = N(Q,u,E,T), (4.3) 
such that u(T; ^XuiXe) = 0. 

Before giving the proof of Corollary 14.41 we first state an interpolation lemma 
quoted from [El pp. 260-261]. 

Lemma 4.5. Let V, H, V be three Hilbert spaces, each space included in the follow- 
ing one: V C H = H' C V , V being the dual of V. If a function u G L 2 (0,T; V) 
and its derivative u' G L 2 (0,T;V'), then u is almost everywhere equal to a contin- 
uous function from [0, T] into H and we have the following equality, which holds in 
the scalar distribution sense on (0, T) : 

j t \\u\\ 2 H = 2(u',u) v , y . (4.4) 

Remark 4.6. The equality (|4.4|) is meaningful since (u'(t),u(t)}v',v is integrable 
on (0, T). Using (|4.4p for u + v , we have 

-^(u, v) H = (u', v) V ',v + (v', u)v,v, (4.5) 
for all u,v G L 2 (0,T;V) with u',v' G L 2 (0,T;V). 
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(4.6) 



Proof of Corollary 14.41 We first introduce the following adjoint system of Equa- 
tions P~Tj) : 

'v t + Av + Vg = in flx(0,T), 

V • v = in Q x (0,T), 

rotv = 0, v-n = on 9Ox(0,T), 
v(-,T) = v T (-) in Q. 

For each vy G L 2 ($7), according to Proposition 12.41 Equations (|4.6p has a unique 
solution v G L 2 (0, T; Hl(Q)). 

By Theorem II ,1| there exists a positive constant N = N(Q,u,E,T) such that 

l|v(0)|U 2(n) < N [ T XE\\v(t)\\ L 2 H dt. (4.7) 
J o 

Now, set 

{v = vXwXE : v solves Equations (|4.6p with Vt(-) G Ll(Q)} . 

Let X be endowed with the norm of L 1 (0, T; L 2 (f])). Clearly, it is a subspace of 
L^O, T; L 2 (ft)). Next, we define a linear functional F : X ->■ M by 



F(v) 



(v(0),uo). 



Note that F is well defined. In fact, if vi = V2, then it follows from Theorem 11.11 
that vi = V2. By (|4.7|) . we have that 

l F (v)K ll v (0)||L2 (f7) ||u || L 2 {n) ^ iV||u || L 2 (n) / \\v(t)\\ L 2 iuj) dt. 

J E 

Hence, F is a bounded linear functional on X. By the Hahn-Banach theorem, F 
can be extended to a bounded linear functional on L 1 (0, T; L 2 (S7)). Using the Riesz 
representation theorem, we get that there exists f G L°°(0, T; L 2 (f2)) such that 



F(h) 



o Jn 



f(x, t) ■ h(x, t) dxdt 



and 



|F(h)KiV||u || L 2 {Q) ||h|| L i (0iT;L 2 (n)) , for all h G ^(0, T; L 2 (0)) 



L (0,T;L 2 (n)) 



In particular, for each v G X, we have that 

fT 



(v(0),u ) 



(f,v)dt 



o 



{fXuXE,v)dt. 



(4.8) 



We next verify that u(T;fxujXE) = 0. To serve this purpose, we first use (|4.5 
to get 



(u(T; ixuXE), v T ) - (u(0), v(0)) = / <u t , v) + (v tj u) di. 

JO 



(4.9) 



Then, by (|4.2p . we obtain that 



\ (u t , v) + (v t , u) dt = / (rot v, rot u) dt + / (fXuXE,v) 
Jo Jo Jo 

- / (rot u, rot v) dt = / (fxtoXE,v)dt. 
Jo Jo 



dt 
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This, along with P~8|) and (HU), leads to 

(u(T;f X ^),v T ) = 0, for all v r G L 2 (tt). 
Hence u(T; (XujXe) = 0. This completes the proof. □ 

4.2 The Bang-bang Property of the Time and Norm 
Optimal Control Problem 

In the sequel, we make use of Corollary 14.41 to get the bang-bang property for the 
minimal norm and minimal time control problems for Stokes equations. We begin 
with introducing these problems. Let w C 1! be a nonempty open subset, and let 
Uo G Lp(Q) \ {0}. For each T > 0, define the following control constraint set: 

T T = {f € L°°(0,T;L 2 (ft)) : u(T;f Xw ) = 0} . 

According to Corollary 14.41 the- set Tt is nonempty. Consider the minimal norm 
control problem: 

(NP) T : M T = min { ||f \\ L ^(o,T;L^(n)) : f £ Ft) ■ 

Since Tt is not empty, it follows from the standard arguments (see, e.g., [Hi]) that 
Problem (NP)t has solutions. A solution of this problem is called a minimal norm 
control. 

Now, one can use the same methods as those in [16] to prove the following 
consequence of Corollary 14.41 

Corollary 4.7. Problem (NP)t has the bang-bang property: any minimal norm 
control f satisfies that ||f (t)Xu>\\L 2 (n) = f or «- e - t G (0, T). Consequently, this 
problem has a unique minimal norm control in L°°(0, T; L 2 (uj)). 



Next, for each M > 0, we define the following control constraint set: 
U M = {g € L°°(lR + ;L 2 (f})) : ||g(t) || i2(n) < M for a.e. t G R + }. 
Consider the minimal time control problem: 

(TP) M : T M = min {t > : u(t;g X ^) = 0} , 



where u(- ; gXu) is the solution to 

u t — Au — Vp = 
V • u = 
rot u = 0, u • n 

u(-,0) =uo(-) 



gXu, in fix(0,R+), 
in n x (0,M + ), 

= on dn x (0,R+), 
in Q. 



(4.10) 



According to Corollary 14.41 and the energy decay property of solutions to homoge- 
nous Stokes equations, we see that Um is nonempty. By the standard arguments 
(see, e.g., |17[ Lemma 3.2]), Problem (TP) M has solutions. A solution of this prob- 
lem is called a minimal time control. 

One can follow the similar way as that in |19j . |14j or [2] to show the following 
consequence of Corollary [ 
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Corollary 4.8. Problem (TP) M has the bang-bang property: any minimal time 
control f satisfies that ||f (i)Xw||L 2 (n) = M for a.e. t € (0, Tjv/). Consequently, this 
problem has a unique minimal time control in L°°(0, Tm\ L 2 (oo)). 

Proof. Let f* be the minimal control and t* be the minimal time for the problem 
(TP) M . Suppose by contradiction that there were E C (0,i*) of positive measure 
and e > such that 

||f*(*)XcjL3(n) < M ~ e for a - e - * G E - 

It suffices to show that there are a positive number 5 with 5 < t* and a control 
g,5 € Km such that the following holds: 



0. 



(4.11) 



This means that t* could not be the optimal time, which leads to a contradiction. 
Indeed, from Corollary 14.41 it follows that for each positive number 5 sufficiently 
small, there exists a control ft, with the estimate 



I ft 



L°°(0,t*-5;L 2 (n)) 



such that 



z s (t* -5) = 0, 



where z <5 (-) is the weak solution to the following controlled equation: 



4 - Az s - Vp s = isXcXEs 
V • z s = 



z s (0) =uo-u(*;f*Xu 



in n x (0,t* - 5), 
in x (0,t* -5), 
on dn x (0,t*-<5), 
in 0. 



Here E s = {t > : i + <5 G E 1 } (Clearly, \E S \ ^ \E\ - 5). Set 

'f*(t + 6) + X E s m(t), te(0,t*-6), 



0. 



t G [f - £,oo). 



Clearly, g$ € Uu- It is easy to check that if we choose g,5 as the control in Equa- 
tions (|4.10p . the equality f)4.11[) will be valid. The uniqueness of the optimal control 
follows directly from the bang-bang property and the parallelogram identity (see, 
e.g., H21). □ 



5 Appendix 

Proof of Lemma 12.21 First, let <fi = Aip. It's clear that <fi solves the following 
heat equation: 

'<j) t - = in Q x (0,T), 

< (j) = on <90 x (0,T), 

>(-,0) = AVo(-) infi. 
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Since A-0o G H by the classical results of heat equation, it has a unique 

solution 

<t> G C([0,r];i7- 1 (O))nC 1 ((0,r];i7- 1 (fi))nC((0,r]; J ff^(O)) with 0(0) = av> . 

Consequently, G C((0,T]; ^(0)). Next, for each h,t 2 G [0,T], we consider the 
following elliptic equation: 

f A(V(*i) - ^(t 2 )) = 0(*i) - <K* 2 ) in 0, 
\^(ti) - V(*2) = on 90, 

the elliptic regularity indicates that 

U(h) - tK*2)||tfi ( n) < iV(n)||^(ti) - <f>(h)\\ H -i(n), 

which, together with G C([0, T]; iJ _1 (0)), implies that tp G C([0, T]; iZj}(fi)). 
Similarly, V G C 1 ((0, T] ; H^(Q))r\C((0,T]; H 3 (fi)) . The uniqueness is obvious. □ 

Proof of Lemma 12. 3L For each u G L^(Q), there exists a sequence of {u n }„^i C 
{v G C§°(fi;K 2 ) : V • v = 0} (see, e.g., [M pp. 13-16]) such that 

u n -»■ u in L 2 (0). (5.1) 



(5.2) 



For each n ^ 1, let G i^o(^) ^ e the un iq ue solution to 

{—Ai/j n = rot u n in 0, 
■0 n = on dil. 

From classical results on elliptic equations, it follows that 

ll^nlliri(n) < N(n)\\u n \\ L 2 {n) . 

Because ip n = on dU, we have 

curlV'n • n = = over dVL. 
or 

This implies that curl^„ G L 2 (r2). Observe that Equation (j5.2|) can also be written 
as rot(curl-0 n — u n ) = 0. Since £1 is simply connected, we get that curl^ — 
u n G ker(rot) D L%(£1) = (see, for instance, [TO], Remark 2.2, pp. 32]). In fact, 
ker(rot) n L^(fl) is isomorphic to the first space of cohomology H 1 (J7;]R), which is 
zero for a simply connected domain (we refer the readers to [181 Appendix 1, Remark 
1.1, pp. 463] for a detailed argument for such topics). Hence, cur\vp n = u n . 
Since 

\-A(ip n - -0m) = rot(u n - Um) in tt, 
\ipn -ipm = on dQ, 

we have that 

\\lpn ~ ^m||fl3(n) < N(fi)||u n - UmlUa(n)- 

This, along with (|5.ip . indicates that {ipn}n^i is a Cauchy sequence in Hq(£1) and 
hence converges to some tf) G Hq{Q). In conclusion, 

{curl ip n — > curl i/j in L 2 (0), 
curl ip n = u n — > u in L 2 (0). 

Therefore, curl ip = u. □ 
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Proof of Proposition 14.31 We first define on H^(Q) x H^(Q) a bilinear functional 
for a.e. t G (0, T) by 

a(t; u, v) = (rot u, rot v). (5-3) 
Since Q is simply connected, we have that (see, e.g., [TQl Remark 3.5, pp. 45]) 

II r °t v IIl 2 (J7) 

It can be verified that 

|a(t;u,v)| <M||u||Hi (n) ||v|| ff i (n) , VtG[0,T], V u,v£^((l). 
a(t;v,v) > A||v||^ 1(n) , V t G [0,T], V v € fl£(n), where A > 0. 

By the Lions theorem (see, e.g., [31 Chapitre X, Commentaires, pp. 218]), we obtain 
that there exists 

u G C([0,T];L 2 a (n)) nL 2 (0,T;^(fi)), u t G L 2 (0, T; F" 1 ^)) with u(-,0) = u , 
such that 

(u t ,v) = -(rotu(i),rotv) + (f(t),v), for a.e. t G [0,T] and for all v G Hl(Q). 

In particular, for any v G £ 2 (0, T; H^(Q,)), 

(u t ,v(t)) = -(rotu(t),rotv(t)) + (f(t),v(t)), for a.e. t G [0,T]. 

Since the right hand side of above equality is integrable on (0,T), we immediately 
get the desired equality (|4.2p . By a standard energy method, it follows that 

s ™ ||u(s)|| 2 2(Q) ||llo||£a ( n) + N(n)\\f\\ 2 L 2 (0 , T . L 2 m , 

and this completes the proof. □ 

Remark 5.1. The bilinear functional defined by (|5.3p induces a self-adjoint maxi- 
mal monotone operator A in L 2 (Q) with 

D{A) = {u G H\n) n Hl(Q); rotu\ dU = 0} 

and Au = —PAu when u G D(A). Here P is the Helmholtz projection operator. 
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